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Abstract
Consider the second-order impulsive ordinary di)erential equation
(r(t)(x′(t)))′ + f(t; x(t)) = 0; t¿ t0; t = tk ; k = 1; 2; : : : ;
x(t+k ) = gk(x(tk)); x
′(t+k ) = hk(x
′(tk)); k = 1; 2; : : : ;
(E)
where 06 t0¡t1¡ · · ·¡tk ¡ · · · with limk→+∞ tk = +∞,  is any quotient of positive odd integers. We
obtain some su8cient conditions ensuring that all solutions of (E) oscillate.
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1. Introduction and preliminaries
Di)erential equations with impulses provide an adequate mathematical model of many evolutionary
processes that suddenly change their state at certain moments (see [1–8]). In this paper, we consider
the following second-order nonlinear impulsive ordinary di)erential equation
(r(t)(x′(t)))′ + f(t; x(t)) = 0; t¿ t0; t = tk ; k = 1; 2; : : : ;
x(t+k ) = gk(x(tk)); x
′(t+k ) = hk(x
′(tk)); k = 1; 2; : : : ;
(1)
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where 06 t0¡t1¡ · · ·¡tk ¡ · · · with limk→+∞ tk=+∞,  is any quotient of positive odd integers.
Throughout this paper, we always assume that
(i) r ∈C(R; (0;+∞)), f∈C(R× R; R), xf(t; x)¿ 0 for all x = 0; and
f(t; x)
’(x)
¿ q(t) for all x = 0;
where q∈C(R; [0;+∞)), and x’(x)¿ 0 for all x = 0, ’′(x)¿ 0;
(ii) gk ; hk ∈C(R; R) and there exist positive numbers ak ; Kak ; bk ; Kbk such that
Kak6
gk(x)
x
6 ak ; Kbk6
hk(x)
x
6 bk for all x = 0; k = 1; 2; : : : :
Recently, the oscillatory properties of Eq. (1) with r(t) ≡ 1 and  = 1 have been discussed in
([4]). Inspired by Chen and Feng [4], we obtain some new su8cient conditions for oscillations of
all solutions of Eq. (1). For the theory of impulsive di)erential equations, we refer to the recent
book by Lakshmikantham et al. (see [6]).
By a solution of (1) we mean a real valued function x(t) deMned on [t0;+∞) which satisMes
(iii) for any t ∈ [t0;+∞); t = tk ; k = 1; 2; : : : ; x(t) is continuously di)erentiable and satisMes
(r(t)(x′(t)))′ + f(t; x(t)) = 0;
(iv) for any k=1; 2; : : : ; x(t−k ), x(t
+
k ), x
′(t−k ), x
′(t+k ) exist and x(t
−
k )=x(tk), x
′(t−k )=x
′(tk), x(t+k )=
gk(x(tk)), x′(t+k ) = hk(x
′(tk)).
A solution of Eq. (1) is said to be nonoscillatory if this solution is eventually positive or eventually
negative. Otherwise, this solution is said to be oscillatory.
Lemma 1.1 (Lakshmikantham et al. [6]). Assume that
(a1) the sequence {tk} satis=es 06 t0¡t1¡t2¡ · · ·¡tk ¡ · · · with limk→∞ tk =+∞.
(a2) m∈PC ′(R+; R) is left continuous at tk for k = 1; 2; : : : .
(a3) for k = 1; 2; : : : ; t¿ t0,
m′(t)6p(t)m(t) + q(t); t = tk ; (2)
m(t+k )6dkm(tk) + bk ; (3)
where p; q∈C(R+; R); dk¿ 0, and bk are real constants.
Then
m(t)6m(t0)
∏
t0¡tk¡t
dk exp
(∫ t
t0
p(s) ds
)
+
∫ t
t0
∏
s¡tk¡t
dk exp
(∫ t
s
p() d
)
q(s) ds
+
∑
t0¡tk¡t
∏
tk¡tj¡t
dj exp
(∫ t
tk
p(s) ds
)
bk : (4)
Remark 1.1. If inequalities (2) and (3) are reversed then in the conclusion inequality (4) is also
reversed.
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2. Main results
Lemma 2.1. Let x(t) be a solution of (1). Assume that there exists some T¿ t0 such that x(t)¿ 0
for t¿T and the following conditions hold:
(h1) conditions (i) and (ii) are valid; and
(h2) limt→+∞
∫ t
t0
(
1
r(s)
)1= ∏
t0¡tk¡s
Kbk
ak
ds=+∞.
Then x′(t)¿ 0 for t ∈ [T; tl] ∪
(⋃+∞
k=l (tk ; tk+1]
)
, where l=min{k: tk¿T}.
Proof. At Mrst, we claim that x′(tk)¿ 0 holds for any k¿ l. Otherwise, then there exists some j
such that j¿ l and x′(tj)¡ 0. From (1) and (ii), we have
x′(t+j ) = hj(x
′(tj))6 Kbjx′(tj)¡ 0:
Set x′(t+j ) =−(¿ 0). By (1) and (i), for t ∈
⋃+∞
i=1 (tj+i−1; tj+i] we get
(r(t)(x′(t)))′ =−f(t; x(t))6− q(t)’(x(t))6 0:
Hence, r(t)(x′(t)) is monotonically decreasing in (tj+i−1; tj+i]; i = 1; 2; : : : . So,
x′(tj+1)6
(
r(t+j )
r(tj+1)
)1=
x′(t+j ) =−
(
r(tj)
r(tj+1)
)1=
¡ 0;
x′(tj+2)6
(
r(t+j+1)
r(tj+2)
)1=
x′(t+j+1) =
(
r(tj+1)
r(tj+2)
)1=
hj+1(x′(tj+1))
6
(
r(tj+1)
r(tj+2)
)1=
Kbj+1x′(tj+1)6−
(
r(tj)
r(tj+2)
)1=
Kbj+1¡ 0;
x′(tj+3)6
(
r(t+j+2)
r(tj+3)
)1=
x′(t+j+2)6
(
r(tj+2)
r(tj+3)
)1=
Kbj+2x′(tj+2)
6−
(
r(tj)
r(tj+3)
)1=
Kbj+2 Kbj+1¡ 0:
One can easily prove that, for any positive integer n¿ 2,
x′(tj+n)6−
(
r(tj)
r(tj+n)
)1=(n−1∏
i=1
Kbj+i
)
¡ 0:
Consider the following impulsive di)erential inequalities:
(r(t)(x′(t)))′6 0; t ¿ tj; t = tk ; k = j + 1; j + 2; : : : ;
x′(t+k )6 Kbkx
′(tk); k = j + 1; j + 2; : : : :
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Set m(t) = r(t)(x′(t)), then
m′(t)6 0; t ¿ tj; t = tk ; k = j + 1; j + 2; : : : ;
m(t+k )6 Kb

km(tk); k = j + 1; j + 2; : : : :
From Lemma 1.1 it follows that
m(t)6m(t+j )
∏
tj¡tk¡t
Kbk ; (5)
i.e.,
x′(t)6
(
r(tj)
r(t)
)1=
x′(t+j )
∏
tj¡tk¡t
Kbk : (6)
Since x(t+k )6 akx(tk) for k = j + 1; j + 2; : : : , by Lemma 1.1 we obtain
x(t)6 x(t+j )
∏
tj¡tk¡t
ak +
∫ t
t+j
∏
s¡tk¡t
ak

(r(tj)
r(s)
)1=
x′(t+j )
∏
tj¡tk¡s
Kbk

 ds
=
∏
tj¡tk¡t
ak

x(t+j )− (r(tj))1=
∫ t
t+j
(
1
r(s)
)1= ∏
tj¡tk¡s
Kbk
ak
ds

 : (7)
Since x(t)¿ 0 for t¿T , the last inequality contradicts condition (h2) of Lemma 2.1. Therefore,
x′(tk)¿ 0 for k¿ l. Condition (ii) implies x′(t+k )¿ Kbkx
′(tk)¿ 0 for any k¿ l. Because r(t)(x′(t))
is decreasing in (tk ; tk+1]; it is clear that x′(t)¿ (r(tk+1)=r(t))1=x′(tk+1)¿ 0 for t ∈ (tk ; tk+1]; k¿ l;
and x′(t)¿ (r(tl)=r(t))1=x′(tl)¿ 0 for any t ∈ [T; tl]. Thus the proof of Lemma 2.1 is complete.
Remark 2.1. In the case that x(t) is eventually negative, under conditions (h1) and (h2), it can be
proved similarly that x′(t)6 0 for t ∈ [T; tl]
⋃(⋃+∞
k=l (tk ; tk+1]
)
, where l=min {k: tk¿T}.
In the following discussion,∫ ±∞
±
du
(’(u))1=
¡+∞
denotes∫ +∞

du
(’(u))1=
¡+∞ and
∫ −∞
−
du
(’(u))1=
¡+∞: (8)
Theorem 2.1. Assume that conditions (h1) and (h2) of Lemma 2.1 hold and there exists a positive
integer k0 such that Kak¿ 1, for k¿ k0. If∫ ±∞
±
du
(’(u))1=
¡+∞ (9)
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holds for some ¿ 0, and
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=(
lim
t→+∞
∫ t
s
∏
s¡tk¡u
(
1
bk
)
q(u) du
)1=
ds=+∞; (10)
then every solution of (1) oscillates.
Proof. Without loss of generality, we can assume k0 = 1. Let x(t) be a nonoscillatory solution of
(1). Suppose that x(t)¿ 0 for t¿ t0. By Lemma 2.1, we can Mnd x′(t)¿ 0 for t¿ t0. Since Kak¿ 1
for k = 1; 2; : : : , we get
x(t+0 )6 x(t1)6 x(t
+
1 )6 x(t2)6 x(t
+
2 )6 : : : : (11)
Obviously, x(t) is monotonically nondecreasing in [t0;+∞). From (1) and (i) we have
(r(t)(x′(t)))′6− q(t)’(x(t)); t¿ t0; t = tk ;
x′(t+k )6 bkx
′(tk); k = 1; 2; : : : :
Let m(t) = r(t)(x′(t)), then
m′(t)6− q(t)’(x(t)); t¿ t0; t = tk ;
m(t+k )6 b

km(tk); k = 1; 2; : : : : (12)
From Lemma 1.1 it follows that
m(t)6m(s)
∏
s¡tk¡t
bk −
∫ t
s
∏
u¡tk¡t
bk q(u)’(x(u)) du; t06 s6 t; (13)
i.e.,
r(t)(x′(t))6 r(s)(x′(s))
∏
s¡tk¡t
bk −
∫ t
s
∏
u¡tk¡t
bk q(u)’(x(u)) du; t06 s6 t; (14)
From the above inequality, we have
x′(s)¿
(
1
r(s)
)1=(∫ t
s
∏
s¡tk¡u
(
1
bk
)
q(u)’(x(u)) du
)1=
: (15)
Then, by using the facts that x’(x)¿ 0 holds for x = 0 and ’(x) is nondecreasing, from (15), we
get
x′(s)
(’(x(s)))1=
¿
(
1
r(s)
)1=(∫ t
s
∏
s¡tk¡u
(
1
bk
)
q(u)
’(x(u))
’(x(s))
du
)1=
¿
(
1
r(s)
)1=(∫ t
s
∏
s¡tk¡u
(
1
bk
)
q(u) du
)1=
: (16)
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For s∈ (tk ; tk+1]; k = 1; 2; : : :, we obtain∫ tk+1
t+k
x′(s)
(’(x(s)))1=
ds=
∫ x(tk+1)
x(t+k )
du
(’(u))1=
: (17)
From (16) and (17), we have
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=(
lim
t→+∞
∫ t
s
∏
s¡tk¡u
(
1
bk
)
q(u) du
)1=
ds
6
+∞∑
k=0
∫ x(tk+1)
x(t+k )
du
(’(u))1=
6
∫ +∞
x(t+0 )
du
(’(u))1=
; (18)
which is in contradiction with conditions (9) and (10) of Theorem 2.1. That is, all solutions of (1)
oscillate. The proof of Theorem 2.1 is complete.
Theorem 2.2. Assume that conditions (h1) and (h2) of Lemma 2.1 hold, and ’(ab)¿’(a)’(b)
for any ab¿ 0. If∫ ±∞
±
du
(’(u))1=
¡+∞ (19)
holds for some ¿ 0, and
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=(
lim
t→+∞
∫ t
s
∏
s¡tk¡u
1
ck
q(u) du
)1=
ds=+∞; (20)
where
ck =
bk
’( Kak)
; k = 1; 2; 3; : : : :
Then every solution of (1) oscillates.
Proof. Let x(t) be a nonoscillatory solution of (1). Suppose that x(t)¿ 0 for t¿ t0 and k0 = 1.
From Lemma 2.1, x′(t)¿ 0 for t¿ t0.
Let
u(t) =
r(t)(x′(t))
’(x(t))
:
Then, u(t+k )¿ 0 for k = 1; 2; : : : , u(t)¿ 0 for t¿ t0. Using condition (i) and (1), for t¿ t0, t = tk ,
we have
u′(t) =
(r(t)(x′(t)))′
’(x(t))
− r(t)(x
′(t))x′(t)’′(x(t))
’2(x(t))
6− q(t):
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For k = 1; 2; 3; : : : ,
u(t+k ) =
r(t+k )(x
′(t+k ))

’(x(t+k ))
6
bk r(tk)(x
′(tk))
’( Kakx(tk))
6
bk r(tk)(x
′(tk))
’( Kak)’(x(tk))
= cku(tk):
Consider the following impulsive di)erential inequalities:
u′(t)6− q(t); t¿ t0; t = tk ; k = 1; 2; : : : ;
u(t+k )6 cku(tk); k = 1; 2; : : : : (21)
From Lemma 1.1, it follows that
u(t)6 u(s)
∏
s¡tk¡t
ck −
∫ t
s
∏
v¡tk¡t
ckq(v) dv; t06 s6 t: (22)
From the above inequality, we have
u(s)¿
∫ t
s
∏
s¡tk¡v
1
ck
q(v) dv; (23)
i.e.,
x′(s)
(’(x(s)))1=
¿
(
1
r(s)
∫ t
s
∏
s¡tk¡v
1
ck
q(v) dv
)1=
: (24)
For s∈ (tk ; tk+1], k = 1; 2; : : : , we obtain∫ tk+1
t+k
x′(s)
(’(x(s)))1=
ds=
∫ x(tk+1)
x(t+k )
du
(’(u))1=
: (25)
From (24) and (25), we have
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=(
lim
t→+∞
∫ t
s
∏
s¡tk¡v
1
ck
q(v) dv
)1=
ds
6
+∞∑
k=0
∫ x(tk+1)
x(t+k )
dv
(’(v))1=
6
∫ +∞
x(t+0 )
dv
(’(v))1=
; (26)
which is in contradiction with conditions (19) and (20) of Theorem 2.2. That is, all solutions of (1)
oscillate. The proof of Theorem 2.2 is complete.
From Theorems 2.1 and 2.2, we can immediately obtain the following corollaries.
Corollary 2.1. Assume that conditions (h1) and (h2) of Lemma 2.1 hold and there exists a positive
integer k0 such that Kak¿ 1, bk6 1 for k¿ k0. If∫ ±∞
±
du
(’(u))1=
¡+∞
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holds for some ¿ 0, and∫ +∞
t0
(
1
r(s)
)1= (∫ +∞
s
q(t) dt
)1=
ds=+∞;
then every solution of (1) oscillates.
Proof. Without loss of generality, let k0 = 1. Since bk6 1, we have
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=(
lim
t→+∞
∫ t
s
∏
s¡tk¡u
(
1
bk
)
q(u) du
)1=
ds
=
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=(
lim
n→+∞
∫ tk+n+1
s
∏
s¡tk¡u
(
1
bk
)
q(u) du
)1=
ds
=
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=
lim
n→+∞
(∫ tk+1
s
q(u) du+
(
1
bk+1
) ∫ tk+2
t+k+1
q(u) du
+ · · ·+
(
1
bk+1
) ( 1
bk+2
)
· · ·
(
1
bk+n
) ∫ tk+n+1
t+k+n
q(u) du
)1=
ds
¿
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=
lim
n→+∞
(∫ tk+1
s
q(u) du+
∫ tk+2
t+k+1
q(u) du
+ · · ·+
∫ tk+n+1
t+k+n
q(u) du
)1=
ds
=
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1= (
lim
n→+∞
∫ tk+n+1
s
q(u) du
)1=
ds
=
∫ +∞
t0
(
1
r(s)
)1= (∫ +∞
s
q(u) du
)1=
ds=+∞:
By Theorem 2.1, we Mnd that all solutions of (1) oscillate.
Corollary 2.2. Assume that conditions (h1) and (h2) of Lemma 2.1 hold and there exist a positive
integer k0 and a constant ¿ 0 such that Kak¿ 1, (1=bk)¿ tk+1 for k¿ k0. If∫ ±∞
±
du
(’(u))1=
¡+∞
holds for some ¿ 0, and
+∞∑
k=0
[R(tk+1)− R(t+k )]
(∫ +∞
t+k+1
tq(t) dt
)1=
=+∞;
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where
R(t) =
∫ t
t0
(
1
r(s)
)1=
ds:
Then every solution of (1) oscillates.
Proof. Without loss of generality, let k0 = 1; t1¿ 1. Since (1=bk)¿ tk+1 for k¿ k0, we have(
1
bk+1
)
¿ tk+2;
(
1
bk+1
) ( 1
bk+2
)
¿ tk+2 · tk+3¿ tk+3; : : : ;(
1
bk+1
) ( 1
bk+2
)
· · ·
(
1
bk+n
)
¿ tk+2t

k+3 · · · tk+n+1¿ tk+n+1; : : : :
Similar proof to that of Corollary 2.1, we obtain
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=(
lim
t→+∞
∫ t
s
∏
s¡tk¡u
(
1
bk
)
q(u) du
)1=
ds
=
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=
lim
n→+∞
(∫ tk+1
s
q(u) du+
(
1
bk+1
) ∫ tk+2
t+k+1
q(u) du
+ · · ·+
(
1
bk+1
) ( 1
bk+2
)
· · ·
(
1
bk+n
) ∫ tk+n+1
t+k+n
q(u) du
)1=
ds
¿
+∞∑
k=0
∫ tk+1
t+k
(
1
r(s)
)1=(
lim
n→+∞
∫ tk+n+1
t+k+1
uq(u) du
)1=
ds
=
+∞∑
k=0
[R(tk+1)− R(t+k )]
(∫ +∞
t+k+1
uq(u) du
)1=
=+∞:
By Theorem 2.1, we Mnd that all solutions of (1) oscillate.
Corollary 2.3. Assume that conditions (h1) and (h2) of Lemma 2.2 hold and there exist a positive
integer k0 and a constant ¿ 0 such that 1=ck¿ tk+1 for k¿ k0, where
ck =
bk
’( Kak)
; k = 1; 2; 3; : : : :
Suppose that ’(ab)¿’(a)’(b) for any ab¿ 0, and∫ ±∞
±
du
(’(u))1=
¡+∞
holds for some ¿ 0. If
+∞∑
k=0
[R(tk+1)− R(t+k )]
(∫ +∞
t+k+1
tq(t) dt
)1=
=+∞;
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where
R(t) =
∫ t
t0
(
1
r(s)
)1=
ds:
Then every solution of (1) oscillates.
Corollary 2.3 can be deduced from Theorem 2.2. Its proof is similar to that of Corollary 2.2. Here
we omit it.
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